Let f (z) and g(z) be Hecke eigenforms for 0 (p), where p is a prime. If both f (z) and g(z) are non-cuspidal forms and p 7, then the product is a Hecke eigenform only if it comes trivially from a level 1 solution. If g(z) is a cuspform and p 5, then in addition to the level 1 solutions, there are 8 new cases where the product of Hecke eigenforms is a Hecke eigenform.
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E-mail address: bemmons@utica.edu. (1) are well-known and follow from the fact that the vector space of modular forms of weight k for the full modular group = SL 2 (Z) is one-dimensional when k ∈ {4, 6, 8, 10, 14} [5] . In addition, if we let l (z) be the unique normalized cusp form in S l ( ) for l ∈ {12, 16, 18, 20, 22, 26}, then we get the following product identities: 
Duke showed that these are the only cases where the product of two non-cuspidal eigenforms is another Hecke eigenform for the full modular group [2] . In [4] , Ghate considered the problem of looking at products of newforms in M k ( 1 (N )) where N is square-free, where it is shown that the product is not an eigenform except when forced to by dimension considerations. Both results use the Rankin-Selberg method.
In this paper, we consider modular forms f (z) and g(z) for the congruence subgroups 0 (p) where p is a prime and drop the condition that f and g are newforms. The proofs of the main theorems consider the relations on the Fourier coefficients of Hecke eigenforms. For each solution f (z)g(z) = h(z) in Eqs. (1) and (2), we get a trivial solution of the form f (p z)g(p z) = h(p z). The question is whether we get any solutions which are not trivial oldform solutions.
In Section 2, we consider f (z)g(z) = h(z) where f, g and h are non-cuspidal Hecke eigenforms in 0 (p). We say a modular form f (z) ∈ M k ( 0 (N )) is a Hecke eigenform if f (z) is an eigenform for all Hecke operators T k (p) where (p, N ) = 1. (4, 6) , (4, 10), (6, 4) , (6, 8) , (8, 6) , (10, 4)}.
Theorem 1. Let p 7 be a prime, and let
, then we get a 1-parameter family of solutions of the form
Theorem 2. Let p 5 be a prime, and let
is an oldform solution, or (p, k, l) ∈ {(11, 4, 2), (7, 2, 6) , (7, 4, 4) , (5, 2, 4) , (5, 2, 8) , (5, 4, 4) , (5, 4, 6) , (5, 6, 4)} in which case there is a unique solution.
The proofs of both theorems make use of the fact that if f (z) is a non-cuspidal eigenform of weight k for 0 (p) then f (z) = a E k (z) + b E k (p z) for constants a and b, see [6] .
When considering the dimension of the vector space S k+l ( 0 (p)) we would expect only the trivial oldform solutions. However, S k ( 0 (p)) decomposes into eigenspaces of the Fricke involution w p ,
and one of the S ± k may be one-dimensional. In that case, let g ± k (z) be the unique normalized cuspform in the respective space.
If we have a pair of spaces S ± l and S ± k+l which are one-dimensional, and if k 4 we can construct
which is in M k ( 0 (p)) and is an eigenvector of the Fricke involution. And so necessarily we have the identity
If k = 2 we may only construct
and so the signs in S 
which accounts for the solution (p, k, l) = (11, 4, 2). All of the non-trivial solutions in Theorem 2 are obtained this way, where the relevant spaces are
Proof of Theorem 1
We are looking for solutions to the equation
where f, g and h are non-cuspidal Hecke eigenforms. In what follows we would like to be able to normalize the factors f (z) and g(z) so that the coefficients of q are both 1. It is not immediately obvious that we would be able to do this. The following lemma shows us that it is possible for the cases we want.
Lemma 1. Let p > 2 be a prime and let
f (z) ∈ M k ( 0 (p)) and g(z) ∈ M l ( 0 (p)) be non-cuspidal eigenforms such that f (z)g(z) is an eigenform. Then f (z), g(z) and f (z)g(z) are normalizable, or w p (f )(z), w p (g)(z) and w p (f g)(z) are normalizable.
Proof. Let f (z), g(z)
and h(z) be as in the statement of the lemma. Then
where f (z)g(z) = h(z). Both f (z) and g(z) are normalizable when a = 0 and c = 0. If either a = 0 or c = 0, we consider the effect of the involution w p on the product, where
If both a = 0 and c = 0, then applying the involution makes w p (f ) and w p (g) both normalizable.
The problem occurs when b = 0 and c = 0. Here g(z) is not normalizable, but when we apply the involution to the product, w p (f ) is no longer normalizable. But in this case, f (z) = E k (z) and g(z) = E l (p z), and so
where
By comparing this product with
we see that = D l and so k−1 (2) = k+l−1 (2) . This is only true if l = 0. Thus we have that either f (z) and g(z) are both normalizable, or both w p (f )(z) and w p (g)(z) are normalizable. In either case, when we consider the product
this can only fail to be normalizable if D k = −D l for some k and l. Since this is never true, the product h(z) is also normalizable.
We may now assume that f (z), g(z) and h(z) are all normalizable in what follows. We multiply
and
and compare the coefficients of the product to that of
Since p 7, the constants b, c and d will only make a contribution to the constant coefficients of f, g and h, and the coefficients of the terms of higher order.
We get a system of five equations in x, y, k, l and . We see that = (x + y), and so we can set up a linear system in x and y. This system of equations only has a solution when the pair (l, k) are as in the statement of the theorem. By substituting each of these pairs, except for (4, 4), into the original equations we get values for the constant coefficients of f (z) and g(z). In each case, we note that these values are exactly the values of the constant coefficients of the Eisenstein series. Hence f (z) = E k (z) and g(z) = E l (z) for the cases when k = l.
For the case k = l = 4, consider the equation
The constant coefficients of the factors on the left-hand side are
By comparing the q coefficients we have = x + y, and by comparing the q 2 coefficients, we have 120 x + 120 y = 1.
Hence c = −b. This gives us a 1 parameter family of solutions of the form
as claimed. This completes the proof of Theorem 1.
Proof of Theorem 2
If
is a normalized non-cuspidal eigenform, then the normalized image under the Fricke involution is
The constant coefficient of the non-cuspidal eigenform may therefore be taken as
The following lemma gives a finite list of possible weight combinations for the non-cuspidal eigenform and the cuspidal eigenform.
Lemma 2. Let p 5 be a prime, and let
is an eigenform, then one of the following holds: k = 2 and l 20, k = 4 and l 24, k = 6 and l 10, k = 8 and l 18, k = 10 and l 16, or k = 14 and l 12.
where g(z) = q + ∞ n=2 a n q n and h(z) = q + ∞ n=2 b n q n , then 
This contradicts the fact that (D k ) −1 is an algebraic integer. Hence, the weight k of the non-cuspidal eigenform must be in {2, 4, 6, 8, 10, 14}, as claimed.
Since g is a normalized cusp form of weight l, we have
Since g is an eigenform for T l (2), a 2 2 = a 4 + 2 l−1 . And
Since f (z) g(z)
is an eigenform for T k+l (2) with eigenvalue
x , we have
Solving for 2 l we obtain (6), we get the following inequalities:
By substituting each k ∈ {2, 4, 6, 8, 10, 14} into Eqs. (7)- (10) we get an upper bound for the weight of the cusp form for each k. And by substitution, we determine that the second line of (6) is not actually satisfied for 22 l 28, 26 l 34, 22 l 38, 20 l 24, 18 l 22, or 14 l 16, respectively. So we get the bounds as in the statement of the lemma and this completes the proof of Lemma 2.
The following lemma tells us that as long as the level p 17, we have no new non-trivial level p solutions.
Lemma 3. Let f (z) and g(z) be as in Lemma 2. If p 17 and f (z)g(z) is an eigenform, then the solution comes from a level 1 solution.
Proof. Since p 17,
and g(z) = q + ∞ n=2 a n q n where the coefficients satisfy the identities a n m = a n a m if gcd(n, m) = 1,
Since p 17 we can write the first 16 coefficients a n in terms of the a p i , where the p i are the primes less than or equal to 13. If we multiply f (z) by g(z), and normalize so that the q coefficient is 1, we get another expression
where each b n is an expression involving b and a p i for all primes p i such that p i n. Also, the coefficients b n must satisfy the relations in (12) 
Proof. For the values of l given, and for k ∈ {4, 6, 8, 10, 14}, we have for
Suppose that g = l , and let m = ord(g − l ) < ∞. So for all n < m, we have a n = b n . Since m > 2 and gcd(N, 2) = 1, m must be a power of an odd prime. By comparing coefficients in the equation
And from
Since a n = b n for all n < m, we see that c n = d n for all n < m as well. Since m must be a power of some odd prime, m + 1 must be even, in which case we can write m + 1 = 2 r · s, where s is odd and r 1. If s = 1, then we have
since g(z) and l (z) are eigenforms for T l (2) and a n = b n for n < m. Similarly, we have c m+1 = d m+1 since both k+l and E k (z) g(z) are eigenforms for T k+l (2) . And if s > 1, then we have
and also c m+1 = d m+1 . By substituting n = m + 1 in Eqs. (13) and (14), we have 
In general, if f is a modular form q d dq f is not a modular form [7] . Hence k = 2, l = 12, and b = 0 do not give solutions to the problem.
The solution (k, l, b) = (4, 4, 1) gives us the equation
where the first factor is indicated by the fact that k = 4 and b = 1, and the second factor has no constant coefficient in its q-expansion at ∞, hence it looked like a cusp form to our computations. For levels p = 5, 7, 11 and 13, the systems of equations will be almost identical to the system of equations we had for the level p 17 case, except E k (p z) will contribute to the q p m terms. Each of these low primes have all of the solutions which are the known level 1 solutions. Similar to the levels p 17 case, we need to rule out the possibility that a new solution agrees with these known solutions up to the q 16 coefficient. This follows from Lemma 4. Most of the new solutions will not give new product identities for the same reason they did not give product identities for the p 17 case.
There are two new solutions which do not give product identities which must be addressed. The case (p, k, l, b) = (11, 2, 2, 11) does not give a new solution. Here
which is a cusp form for 0 (11) [3] . Here the product
where g (z) is multiplicative, but not modular. Hence this is not a solution.
Similarly it can be shown that the solution where 4 , and
The remaining 8 solutions each give a new case where the product of two Hecke eigenforms is another eigenform. The argument for why this is so is given in the introduction.
New product identities
In the previous section we obtained 8 new product identities for prime levels p 5. The discussion in the introduction can be used to find solutions to the problem for levels 2 and 3. The following is a list of vector spaces of cusp forms which are one-dimensional [8] and hence consist of Hecke eigenforms. For pairs of vector spaces whose weights differ by at least 4, and for pairs whose weights differ by 2 with opposite parity, we can construct an eigenform in M k ( 0 (p)) as in (3). If we let g ± l (z) be the unique normalized cusp form in S ± l ( 0 (p)), then we get eight new product identities similar to that in equation (4) .
Similarly in level 2 the following vector spaces of cusps forms are one-dimensional [8] , and hence consist entirely of eigenforms: It is interesting to note that we have 2-level 2 solutions where the non-cuspidal eigenform is of weight 4, and the cusp form is of weight 8. Each of the factors and the product can be identified in terms of known functions, and we get the interesting identities (E 4 
